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Abstract

In thispaper, wediscusssomeformalpropertiesof themodelof bidirectionalOptimalityThe-
ory that wasdevelopedin Blutner 2000. We investigatethe conditionsunderwhich bidirec-
tional optimizationis awell-definednotion,andwe give aconceptuallysimplerreformulation
of Blutner’sdefinition. In thesecondpartof thepaper, weshow thatbidirectionaloptimization
canbemodeledby meansof finite statetechniques.Therewe rely heavily on therelatedwork
of FrankandSatta1998aboutunidirectionaloptimization.

1 Intr oduction

Optimality Theory (OT henceforth)hasbeenintroducedby Princeand Smolensky
1993mainly asa model for generative Phonology, but in recentyearsthis approach
hasbeenappliedsuccessfullyto a rangeof syntacticphenomena,andit is currently
gainingpopularityin semanticsandpragmaticsaswell. It restson theold conception
that the mappingfrom one level of linguistic representationto anotherlevel should
bedescribedin termsof transformationsandfilters. Sucha distributeddescriptionis
frequentlymoreconciseandelegantthana formulationsolelyin termsof transforma-
tions. The novel contribution of OT lies in the idea that filters—or, synonymously,
constraints—arerankedandviolable. Soa certaintransformationmaybelicit evenif
it violatessomeconstraints,providedall alternative transformationsleadto morese-
vereconstraintviolations.Violationof higherrankedconstraintscountsasmoresevere
thanviolationsof lower rankedconstraints.

OT is attractive for working linguistsmainly for two reasons.First, the ideasof
constraintrankingandof differentdegreesof severity of constraintviolationsarepart
of the linguistic folklore sincedecades.OT supplieda conciseandmathematically
cleanformalizationof theseconcepts.Furthermore,OT offersan intriguing perspec-
tiveon languagetypologyon theonehandandlanguageuniversalson theotherhand.
Many OT researchersusetheworkinghypothesisthatboththeunderlyingtransforma-
tions andthe constraintsareuniversal,while languagesdiffer only accordingto the
rankingof theconstraints.
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In the generative tradition of syntax,phonologyandmorphology, transformation
aretakento bemappingsfrom underlyingabstractrepresentationsto concretesurface
representations.OT researchersusuallyadoptthis perspective too; competitiontakes
placebetweendifferentpossiblerealizationsof someunderlyingform. In otherwords,
OT usuallytakesthegenerationperspective. It is atheoryabouttheoptimalrealization
of agivenunderlyingform.

On a somewhat moreabstractlevel, the OT philosophycanbe describedby the
ideathatonly themosteconomicalcandidatesof a givencandidatesetarelegitimate
linguistic objects;lesseconomicalcompetitorsareblocked. Rankedconstraintsserve
to induceanorderingon thecandidatesthatmakesoptimizationpossible.Theideaof
optimizationhasa long history in semanticsandpragmaticstoo, andit is suggestive
to integratethis traditioninto theOT framework. Somecautionhasto beexertedhere
though.Thegenerationperspectivethatis prevalentin phonologyandmorphologyhas
someplausibility whenappliedto semantics.Hereit amountsto sayingthata certain
verbalizationof agivenmeaning,thoughlicit, mightbeblockedby amoreeconomical
linguistic form expressingthesamemeaning.Sucheffectsdo in factoccur. A casein
point is thewell-known phenomenonof “conceptualgrinding”, wherethenameof an
animalkind is usedto referto meatof this animal:

(1) Wehadchickenfor dinner.

However, conceptualgrindingis only possibleif thereis no lexicalizedexpressionfor
thekind of meatin question:

(2) a. ?We hadpig for dinner.

b. We hadpork for dinner

Arguably, usingthe lexicalizedexpressionpork is a moreeconomicalway to refer to
meatfrom pigsthanusingthenounpig in its shiftedmeaning.Thus(2b)blocks(2a).

On the other hand,thereis alsoa considerabletradition in semanticsandprag-
maticswhich assumesthat a certaininterpretationof a given linguistic form may be
blockedby amorecoherentalternativeinterpretationof thesameform. In otherwords,
thecandidatesetfor optimizationin semanticsmayalsobedeterminedby theparsing
perspective,wherewecomparedifferentinterpretationsof agivenform. A typicalex-
ampleis thebehavior of presuppositionaccommodation.Considerthefollowing two
sentences:

(3) a. If Mary becomesapolitician, thepresidentwill resign

b. If Mary becomesmemberof [a club]� , its� presidentwill resign

In both examples,the consequentof the conditionalcontainsa definiteNP andthus
a presuppositiontrigger. In (3a) the presuppositiontriggeredis there is a president,
and in (b) the club in questionhas a president. If we assumethat both sentences
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areutteredoutof theblue,thesepresuppositionsmustbeaccommodated.In principle,
therearethreewaysto accommodatethispresuppositionin (a)(cf. Heim1990,vander
Sandt1992),local, intermediateandglobalaccommodation.Thereis agreementin the
literaturethat global accommodationis preferred,thuswe (correctly)predict(3a) to
beinterpretedas(4):

(4) Thereis a president,andif Mary becomesa politician,hewill resign

If globalaccommodationis impossibleasin (3b) (whereit would leadto a configura-
tion wheretheantecedentof thepronounit is notaccessiblefor thepronounanymore),
intermediateaccommodationpopsup; (3b)comesoutas

(5) If Mary becomesmemberof aclubthathasapresident,thispresidentwill resign

A conciseway to describethis patternis to assumethatthegrammargenerallyadmits
bothkindsof accommodation,but thatglobalaccommodationis moreeconomicalthan
intermediateone(which is in turn moreeconomicalthanlocal accommodation).So
if a constructionstructurallyadmitsboth readings,global accommodationwins and
blocksall competingreadings.

So it seemsthat the mappingof linguistic forms to interpretationsrequiresopti-
mizationboth in theparsingandin thegenerationdirection. This insight is not new,
someform of bidirectionaloptimizationhasbeenassumedin thepragmaticsliterature
for quite sometime (seefor instanceHorn 1984andLevinson1987). In a seriesof
recentpublications,ReinhardBlutnerhasmadetheinterplaybetweengenerationopti-
mizationandparsingoptimizationpreciseandintegratedit into theoverall framework
of OT (Blutner1998,Blutner2000).

It hasfrequentlybeenobserved thata naive evaluationalgorithmfor an OT style
theoryis computationallyextremelycostlyeven if thecandidatesetsinvolvedarefi-
nite. Onemight add that the problemis even moresevere if the candidatesetsare
infinite. Thenwe cannotbe surewhetherthe setof optimal candidatesis recursive,
evenif all components(transformationsandconstraints)are.Theissueof theautomata
theoreticcomplexity of OT style theoriesis currentlya topic of active research,and
severalinterestingresultshavebeenreportedin theliterature.Themostintriguingone
is FrankandSatta1998.Thereit is shown thatundercertaingeneralrestrictions,(uni-
directional)optimizationis a finite statetechnique.This meansthattheanOT-system
canbe implementedasa finite statetransducersprovidedtheunderlyingtransforma-
tion is a rationalrelationandall constraintsareregular languages.In otherwords,if
all componentsof an OT-systemarefinite stateobjects,the systemasa whole is so
too.

Theplanfor thepresentpaperis thefollowing. In thenext section,we will have a
closerlook atBlutner’sformalizationof bidirectionalOT. Wewill proposeasimplified
but equivalentdefinition,andwe will investigatesomepropertiesof bidirectionalOT-
systems.Section3 briefly reviews the basicnotionsof finite stateautomata,and it



4 GERHARD JÄGER

discussesFrankandSatta’s construction.In section4 thecomplexity of bidirectional
OT will beconsidered.As mainresult,weshow thatananalogueof FrankandSatta’s
resultcanbe obtainedfor bidirectionaloptimizationaswell. Section5 sumsup the
findingsandlistsacoupleof openquestionfor futureresearch.

2 Bidirectional OT: Z vs. X

The notionsof parsingoptimizationand generationoptimizationhave ancestorsin
the literatureon formal pragmaticsfrom theeighties.Thereseveralauthorsassumed
an interplay of the competingforcesof speaker economyand hearereconomy. A
representative of this line of thoughtaretheprinciples“Q” and“I” proposedin Horn
1984,p. 13:

Q-principle: Sayasmuchasyou can(givenI).

I-principle: Sayno morethanyoumust(givenQ).

In Blutner1998andBlutner2000this ideais formalized.Following standardpractise
in OT theories,Blutnerassumesthatthereis a (very generalandunderspecified)rela-
tion GEN thatrelatesinput to output.In caseof thesyntax-semanticsinterface,GEN
canbeidentifiedwith thecompositionalsemanticsthatrelatessyntacticstructuresand
meanings.Furthermore,Blutnerassumesanorderingrelationon form-meaningpairs.
In OT theories,this ordering is inducedby a set of ranked constraints,but this is
inessentialfor thenotion of optimizationassuch. So let us just assumethat � is an
orderingon GEN. We adopttheconventionthat “ ��� � ” is to beunderstoodas“ � is
moreeconomicalthan

�
”.

Giventhis,BlutnerformalizesHorn’sprinciplesasfollows:1

Definition 1 (Blutner’s Bidirectional Optimality):

1. � ��� 	�
 satisfiesthe Q-principle if f � ��� 	

�������� and thereis no otherpair
� ��� � 	

 satisfyingtheI-principle suchthat � ��� � 	�
���� ��� 	

 .

2. � ��� 	�
 satisfiesthe I-principle if f � ��� 	

�������� and thereis no other pair
� ��� 	�� 
 satisfyingtheQ-principlesuchthat � ��� 	�� 
���� ��� 	

 .

3. � ��� 	�
 is optimalif f it satisfiesboththeQ-principleandtheI-principle.

In contrast,standard(unidirectional)OT boils down to a versionof the I-principle;
only differentoutputsfor agiveninput arecompared.

Definition 2 (Unidirectional Optimality): � ��� 	

 is unidirectionallyoptimalif f
� ��� 	�
�������� andthereis no otherpair � ��� 	�� 
���� ��� 	�
 .

1 We changenotationandterminologyslightly without touchingthecontentof thedefinition.
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Fig. 1: Z-Optimality

Seenin a proceduralway, to checkwhethera givenform-meaningpair ! "�# $�% is opti-
mal in Blutner’s sense,you have first to checkwhetherit satisfiesthe I-principle and
thanwhetherit satisfiesthe Q-principle. To do the former, you have to testwhether
therearealternatives ! "�& # $
%�'(! "�# $
% that satisfy the I-principle. To this end,you
haveto gothroughcompetitors! "�& # $�& %�'�! "�& # $�% thatpossiblysatisfytheQ-principle
etc. The shapof this zigzagpattern(graphicallysketchedin figure 1) resemblesthe
letter“Z”. ThereforeI will call Blutner’snotionof optimality Z-optimality.

Taken in isolation,this definitionmight seemcircular, sincetheQ-principleindi-
rectly occursin the definiensof this very principle, and likewise for the I-principle.
This is not a real problem,however, sincewe may safelyassumethat the ordering
relation ' is well-founded.2 Wewill seebelow thatthis followsfrom thefactthat ' is
inducedby asystemof rankedconstraints.Giventhis, it followsfrom theGeneralRe-
cursionTheoremthatZ-optimality is well-defined.RecallthattheGeneralRecursion
Theoremsays:

2 A relation ) is well-foundediff thereareno infinite descending) -chains,i.e. thereis no infinite
sequence*,+ - * . - * / - 0 0 0 with * 1 23+ )4* 1 for all 5�6�7 .
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Theorem 1 (General Recursion Theorem): Suppose8 is a two-placeoperation
and 9 a locally well-foundedrelation.: Thentheequation

;=<?> @BA <�C�D 8 A <=E @GF=H I?J I 9 <�K,C L
hasexactlyonesolutionfor

@
.

As animmediateconsequence,weget

Lemma 1: If M is well-founded,z-optimalityis uniquelydefinedby Definition1.

Proof: Let
@

be the function that returnsthe pair of truth values N O E P Q for a
giveninput

<
. O D�R if f

<
is a form-meaningpair N S E T
Q thatsatisfiestheQ-principle,

and likewise for
P
. U is assumedto be the characteristicfunction of the graphof

GEN, i.e. it returns
R

if f its argumentis in GEN and V otherwise.Giventhis, we can
reformulatethefirst two clausesof definition1 asa fixedpoint equationfor

@
. (The

projectionfunctions W=X E WZY returnthe first andthe secondelementrespectively of an
orderedpair.)

@BA <�C(D N T�P [\A U A <ZC E R�]�T�^3<�H W Y A @BA IZC C J I M <`_ W Y A IZC\D W Y A <ZC K,C ET�P [\A U A <�C E R�]�T
^a<�H W�X A @�A IZC C J I M <b_ W=X A IZC\D W�X A <�C K,C Q

In the right handsideof this equation,
@

is only appliedto predecessorsof
<

with
respectto M , sowemayreplace

@
therewith

@GF=H I?J I M <�K . Since M is well-founded
by assumption,it follows from theGeneralRecursionTheoremthat thereis a unique
solutionfor

@
. Now we reproducethethird clauseof Definition 1 as

<
is z-optimaliff@BA <�C�D N R,E R Q . c

In thesequelwewill developaconceptuallysomewhatdifferentnotionof bidirec-
tional optimality, x-optimality, andwe will show that undervery generalconditions,
x-optimality andz-optimalitycoincide.

On asomewhatmetaphoricallevel, theQ-principleaboveexpressesspeaker econ-
omy. It says:for a givenmeaning,chosethemosteconomicalverbalizationyou can
think of. Symmetrically, the I-principle captureshearereconomy. It advisesa hearer
to pick out the mosteconomicallicit interpretationfor a given form. Now the main
objective of the participantsof a conversationshouldbe successfulcommunication,
oneshouldthink. Economyconsiderationscanonly betakeninto accountif themain
objective is granted.Thefollowing two definitionscapturethis intuition.

3 A relationis calledlocally well-foundediff it is well-foundedandit holdsfor eachd thattheclass
of e -predecessorsof d is a set(ratherthana properclass). Formally put, this meansthat f,dag h,i hbjk lam l e4d3n .
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1. A form-meaningpair o p�q r
s is speaker-optimalif f

(a) o p�q r�s�t�u�v�w ,

(b) o p�q r�s is hearer-optimal,and

(c) thereis no o p�x q r
s
t�u�v�w that is alsohearer-optimal andthat is more
economicalthan o p�q r
s .

2. A form-meaningpair o p�q r
s is hearer-optimal if f

(a) o p�q r�s�t�u�v�w ,

(b) o p�q r�s is speaker-optimal,and

(c) thereis no o p�q r�x sBtyu�v�w that is alsospeaker-optimal andthat is more
economicalthan o p�q r
s .

Accordingto thesedefinitions,speaker-optimality entailshearer-optimality andvice
versa.Thusthesetwo notionsof optimality coincideandwe mayidentify them.Thus
simplifiedversionsof theabovedefinitionsrun asfollows:

1. A form-meaningpair o p�q r
s is optimalif f

(a) o p�q r�s�t�u�v�w ,

(b) o p�q r�s is optimal,and

(c) thereis no o p�x q r�s�t�u�v�w thatis alsooptimalandthatis moreeconomical
than o p�q r
s .

2. A form-meaningpair o p�q r
s is optimalif f

(a) o p�q r�s�t�u�v�w ,

(b) o p�q r�s is optimal,and

(c) thereis no o p�q r x s�t�u�v�w thatis alsooptimalandthatis moreeconomical
than o p�q r
s .

Now thesedefinitionshave theform z�{}|�~
z�~�� , which,accordingto elementary
propositionalreasoning,is equivalentto z
�(|�~�� . Sowecanfurthersimplify to

1. A form-meaningpair o p�q r
s is optimalonly if

(a) o p�q r�s�t�u�v�w ,

(b) thereis no o p x q r�s�t�u�v�w thatis alsooptimalandthatis moreeconomical
than o p�q r
s .

2. A form-meaningpair o p�q r
s is optimalonly if
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(a) � ��� ����������� ,

(b) thereis no � ��� ��� ��������� thatis alsooptimalandthatis moreeconomical
than � ��� �
� .

Onemorestepof propositionalreasoning(from � �������4��� �����4� to �������
� )
yields

� A form-meaningpair � ��� �
� is optimalonly if

1. � ��� ����������� ,

2. thereis no � ��� � ����������� thatis alsooptimalandthatis moreeconomical
than � ��� �
� ,

3. thereis no � ��� ��� ��������� thatis alsooptimalandthatis moreeconomical
than � ��� �
� .

This is not a gooddefinitionyet sincetheremaybemany sub-relationsof GEN that
obey this constraint. In particular, the emptyrelationwould countasan optimality-
relation. What is still missingthereis the intuition thata givenform-meaningpair is
optimalif thereis no reasonto thecontrary. Sotheoptimalform-meaningrelationwe
areaftershouldbethelargestsubrelationof GEN thatobeystheaboveconstraint.This
amountsto turningtheimplicationinto a biconditional.For reasonsthatwill become
obviousimmediately, wecall this notionof optimality x-optimality.

Definition 3 (X-Optimality): A form-meaningpair � ��� �
� is x-optimalif f

1. � ��� ����������� ,

2. thereis no x-optimal � ��� � �
� suchthat � ��� � ������� ��� �
� .
3. thereis no x-optimal � ��� ��� � suchthat � ��� ��� ����� ��� ��� .
Checkingwhethera form-meaningpair is x-optimal requiressimultaneouseval-

uationof form alternativesandmeaningalternativesof this pair (seefigure 2). This
structureresemblesthe letter “X”—this motivatesthe name. Underthe proviso that
� is well-founded,x-optimality is alsowell-defined.Furthermore,if we additionally
assume� to betransitive,x-optimality coincideswith z-optimality.

Theorem 2: If “ � ” is transitiveandwell-founded,then

1. thereis auniquex-optimality relation

2. � ��� ��� is x-optimalif f it is z-optimal.
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�

� �

�

� �

Fig. 2: X-Optimality

Proof: Theproof of part1 is analogousto theproof of thecorrespondingproperty
of z-optimality. Herewerewrite thedefinitionasthefixedpoint equation��� �Z������  ¡\� ¢�� �Z� £ ¤�¥���¦3�=� §,��� ¨Z� © ¨�ª«�b¬

� ­=® � ¨Z���«­=® � �Z�4¯�­Z°,� ¨Z���«­�°,� �Z� � ±,� �
A candidate

�
is x-optimalif f

�B� �����y¤
accordingto theuniquesolutionfor

�
.

As for part 2, suppose² ³ £ �
´ is x-optimal but not z-optimal. This meansthat it
eitherviolatesthe I-principle or the Q-principle. Supposeit violatesthe I-principle.
Thenthereis an

��µ
with ² ³ £ ��µ ´`ª ² ³ £ �
´ suchthat ² ³ £ ��µ ´ satisfiestheQ-principle.

Since ² ³ £ ��´ is x-optimal, ² ³ £ � µ ´ cannotbe x-optimal. Thus thereis either an x-
optimal ² ³ £ ��µ µ ´�ª ² ³ £ ��µ ´ or an x-optimal ² ³ µ £ ��µ ´�ª ² ³ £ ��µ ´ . The first option is
excludedsinceif it werethecase,by transitivity, ² ³ £ ��µ µ ´�ª ² ³ £ ��´ , thuscontradicting
theassumptionthat ² ³ £ ��´ is x-optimal.Sothereis anx-optimal ² ³ µ £ ��µ ´�ª ² ³ £ ��µ ´�ª² ³ £ ��´ . Since ² ³ £ ��µ ´ satisfiestheQ-principle, ² ³ µ £ ��µ ´ doesnotsatisfytheI-principle.
By repeatedapplicationof this argument,we can constructan infinite chain ¶ ¶ ¶ ª
² ³ µ µ µ £ ��µ µ µ ´�ª ² ³ µ µ £ ��µ µ ´�ª ² ³ µ £ ��µ ´�ª ² ³ £ ��´ , all membersbeingx-optimalandviolating
theI-principle. This is excludedby theassumptionthat “

ª
” well-founded,so ² ³ £ ��´

cannotviolatetheI-principle if it is x-optimal.By asymmetricargument,weconclude
thatit cannotviolatetheQ-principleeither, soit is z-optimal.

As for the otherdirection,suppose² ³ £ �
´ is z-optimalbut not x-optimal. Then
thereis eitheranx-optimal ² ³ µ £ �
´·ª ² ³ £ �
´ or anx-optimal ² ³ £ ��µ ´·ª ² ³ £ �
´ . Sup-
posetheformeris thecase.Fromthepreviousparagraphwe know thatany x-optimal
candidatesatisfiesthe Q-principle, so ² ³ µ £ �
´ satisfiesthe Q-principlesinceit is x-
optimal.This is excludedthoughsinceby assumption,² ³ £ �
´ satisfiestheI-principle.
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By thesamekind of reasoning,we alsoderive a contradictionif ¸ ¹�º »
¼ is blockedby
some ¸ ¹�º »�½ ¼ . ¾

It remainsto be shown that the orderingrelation that is inducedby a systemof
rankedconstraintsin anOT stylesystemis in facttransitiveandwell-founded.To this
end,wehaveto makeprecisewhatanOT stylesystemis. In thegeneralcase,it consists
of a relation GEN and a finite set of constraintsthat are linearly orderedby some
constraintranking.4 Constraintsmaybeviolatedseveraltimes.Soa constraintshould
be construedasa function from GEN into the naturalnumbers.Thusan OT-system
assignsevery pair in GEN a finite sequenceof naturalnumbers.Theorderingof the
elementsof GEN that is inducedby theOT-systemis accordingto the lexicographic
orderingof thesesequences.This leadsto thefollowing definition:

Definition 4 (OT-System): 1. An OT-systemis a pair ¿ÁÀÁ¸ Â�Ã�Ä�º Å�¼ , where
GEN is arelation,and ÅyÀ�¸ Æ Ç º È È È º Æ É ¼ º Ê
ËBÌ is a linearlyorderedsequenceof
functionsfrom Â�Ã�Ä to Ì .

2. Let ÍZº Î�Ë�Â�Ã�Ä . Í�Ï�Ð�Î if f thereis an Ñ with Ò`ÓÔÑ\Ó�Ê suchthat Æ Õ Ö Í3×�ÏÔÆ Õ Ö Î ×
andfor all Ø�ÏÙÑ�ÚaÆ ÛaÖ Ía×�ÀÜÆ Û,Ö Î × .

Lemma 2: Let ¿ beanOT-system.Then Ï Ð is transitiveandwell-founded.

Proof: We assigneveryelementof GEN anordinalnumberby thefunction ¹ that
is definedby

¹4Ö Ý�×\À
ÉÞ
Õ ß Ç Ö Ö Ñ?àÔÒ ×�á�â�ã«Æ Õ Ö Ý�× ×

It is easyto seethat Ý�Ï Ð
ä if f ¹4Ö Ý�×�Ï«¹\Ö ä × . Sincetheorderingof theordinalnumbers
is transitiveandwell-founded,sois Ï Ð . ¾

3 OT and finite state techniques: Frank and Satta’s result

In mostresearchpapersonOT, thecandidatesetsthataretakenunderconsiderationare
finite andevenfairly small,andthesearchfor theoptimalcandidateis donemanually
by comparingthepatternsof constraintviolations.It hasfrequentlybeenobservedthat
in realisticapplications,candidatesetsmight be very large,which would renderthis

4 Someauthorsonly requiretheconstraintsto bepartially ordered.Sincea givencandidateis opti-
mal accordingto somepartialorderingif f it is optimalaccordingto all total extensionsof this partial
ordering,theresultsobtainedin thissectioncaneasilybeextendedto this moregeneralsetup.
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kind of naivebruteforcealgorithmcomputationallyveryexpensive.Evenworse,if the
candidatesetmaybe infinite, thereis no guaranteethis kind of algorithmterminates.
Thus the successof the OT researchprogramcrucially hingeson the issuewhether
therearecomputationallytractableevaluationalgorithms.

It is obviousthatthecomplexity of thetaskof finding theoptimalcandidatesfor a
givenOT-systemheavily dependson thecomplexities of GEN andof theconstraints.
In the generalcase,thesewill provide a lower boundfor the complexity of the OT-
systemasa whole, both in termsof automatatheoreticcomplexity and in termsof
resourcecomplexity. The crucial questionis whetheran OT-systemasa whole may
haveahighercomplexity thanthemostcomplex of its components.Furthermore,this
issuemaydependon themodeof evaluationthatwe choose.For instance,unidirec-
tionalOT mightbelesscomplex thanbidirectionalOT.

While theseissuesarestill openin the generalcase,the literaturecontainssome
promisingresultsaboutthecomplexity of unidirectionalOT in caseswhereall com-
ponentsof theOT-systemarefinite stateobjects.Theseinsightsareof greatpractical
importancein phonologyandmorphology, wherefinite statetechniquesareusually
sufficientlyexpressive. In syntaxandsemantics,thiskind of resultcannotbeemployed
immediatelysinceit is well-known thatmoreautomata-theoreticpoweris neededhere.
Neverthelessthefinite statecaseis interestingsinceit indicatesthattheOT mechanism
assuchis notall thatpowerful afterall.

In this sectionwe briefly review somebasicpropertiesof finite stateobjects,and
wewill discussthemostimpressivepieceof work on thecomplexity of OT, Frankand
Satta’s1998construction.Thiswill pavethegroundfor theextrapolationof Frankand
Satta’s resultto thebidirectionalcasethatis to bepresentedin thenext section.

In thesubsequentdiscussionof finite stateautomata,finite statetransducers,regu-
lar languagesandrationalrelations,we make heavy useof RocheandSchabes1997.
Theinterestedreaderis referredtherefor furtherinformationandreferences.

We assumethat the readeris familiar with thebasicconceptsof a finite stateau-
tomatonanda regularlanguageandgive thedefinitionherefor reference.

Definition 5 (FSA): A finite-stateautomatonå is a 5-tuple æ ç�è ébèaê è ë�è ì`í , where ç
is a finite setcalledthealphabet, é is a finite setof states, ê·î«é is the initial state,
ë�ïÜé is thesetof final states,and ì�ïÜé�ðÙñ çÙò
ó ôaõ,ö�ð
é is thesetof edges.

Following standardpractice,we use ç�÷ to refer to thesetof stringsover thealphabetç , includingtheemptystring.Theletter ô symbolizestheemptystring.

Definition 6: Theextendedsetof edges øì�ïÜé�ð�ç�÷�ð�é is thesmallestsetsuchthat

1. ù�úbî�ébè,æ úaè ô3è ú,í�î øì
2. ù�ûüîGç ÷ and ù=ý�îGç�ò«ó ôaõ , if æ ú þ è ûbè ú ÿ íÙî øì and æ ú ÿ è ý�è ú � íÙîGì , then
æ ú þ è û·ýZè ú � í�î(øì .
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A finite-stateautomaton
�

definesthefollowing language��� ��� :
��� ���
	�� 
�������� ����������� �  
� ��!
�#"$&%

If ' 	 ��� ��� , we saythattheFSA
�

recognizesthelanguage' . Theclassof regular
languagesis theclassof languagesthatarerecognizedby someFSA.

A finite statetransducer(FST) is a FSA that producesan output. Every edgeof
theautomatonis labeledwith aninput andanoutput,wherebothinput andoutputare
stringsover theinput alphabetandtheoutputalphabetrespectively. An FSTdoesnot
just recognizestringsbut transformsinputsstringsin outputstrings.

Definition 7 (FST): A Finite-StateTransduceris atuple
� ��(  �
)  *+ �  �� $ !

suchthat

, � ( is afinite alphabet,namelythe input alphabet

, � ) is afinite alphabet,namelytheoutputalphabet

, * is a finite setof states

, �-��* is the initial state

, ��./* is thesetof final states

, $ ./*10�� �( 02� �) 0�* is thesetof edges.

The notion of an extendededgeof a FST is analogousto the correspondingconcept
for FSA.

Definition 8: Theextendedsetof edges
"$ .�*/0&� �( 0&� �) 0&*

is thesmallestsetsuch
that

1. 3 �&��*& �� �4 56 56 ��!
�7"$
2. 398 (  
�(��:� �( and 3;8 )  
�)��:� �) , if

� � (  8 (  8 )  � ) !��#"$ and
� � )  
�(  
�)  �� < !�� $

,
then

� � (  8 ( 
�(  8 ) 
�)  � < !��7"$ .

A finite-statetransducer= definesthefollowing relationbetween
� � (

and
� �)

:

> � ���-	?�9� 8  
�!
��� �( 0�� �) � �6�&�����;� �  8  
� ��!
� "$&%
Theclassof relationsthat is definedby someFSTis calledtheclassof rational rela-
tions. A simpleFSTthatimplementstherationalrelation

�9� @�A� B A4C � !�� D:�+E %
is given

in figure3 for illustration.
The classesof regular languagesand of rational relationsare subjectto certain

closureproperties. (
> (�F > )

is therelationcompositionof
> (

and
> )

, i.e.
�9� 8  
�! � ��G �8 > ( G:H/G > ) 
�� % . >�I is the inverseof the relation

>
, i.e.

�9� 
� 8 ! � 8 > 
 % . J K is the
identity relationon � , i.e.

�9� 8  8 !�� 8 � � % .)
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L

M N O P N Q
R

M N O

P N Q

Fig. 3: FSTimplementingtherationalrelation S9T U4V6W X V4Y Z [ \ ]:^&_a`
b Everyfinite languageis regular.

b If c
d and cfe are regular languages,then c
d�ghcfe W c
d�ihcfe W c
d�j?cfe are also
regularlanguages.

b If k d and k e arerationalrelations,then k d i�k e W k d�l k e and k�md arealsorational
relations.

b If k is a rationalrelation,then nao p:q k�r and k�s�q k�r (thedomainandtherange
of k ) areregularlanguages.

b If c
d and cfe areregularlanguages,then c
d�t�cfe and u v6w arerationalrelations.

RocheandSchabes1997do not mentionthe fact that theCartesianproduct c
d�thcfe
of two regular languagesc d and c e is a rational relation. The constructionis quite
simple.If c d and c e areregularlanguages,thereareFSA x d and x e thatrecognizec d
and cfe respectively. Now we mayturn theseFSA into FSTby interpretingthe labels
of theedgesasinputsandassumingy asoutputof evertransition.SeenasFST, x�d andx�e definetherationalrelationsk�d
z�c
dft{S y4` and k�e�z�cfe
t2S y4` respectively. Since
rationalrelationsareclosedunderinversionandcomposition,c d t:c e z�k dfl k�me is
alsorational.

Notethattherationalrelationsarenotclosedunderintersectionandcomplement.
Frank andSattausetheseclosurepropertiesto show that for a significantclass

of OT-systems,unidirectionaloptimizationis a rationalrelationprovidedall building
blocks are rational. They restrict the classof OT-systemsin two ways. First, OT
constraintsin general“count”, a given constraintmay be violated arbitrarily many
times. It goeswithout sayingthat this cannotbe implementedby a FST. So Frank
andSattarestrictattentionto binary constraints,i.e. constraintsY with the propertyk�s�q Y r-z?S�|6W }�` . OT-systemswhicharenotbinarybut haveanupperlimit for thenum-
berof constraintviolationsareimplicitly covered;a constraintY that canbeviolated



14 GERHARD JÄGER

at most ~ timescanberepresentedby ~ binaryconstraintsof theform “Violate � less
than � times” for ���/�-�/~ . Therankingof thesenew constraintsis inessentialfor the
inducedorderingrelation.

Second,we may distinguishconstraintsthat evaluatesolely the outputandcon-
straintsthat properlyevaluatean input-outputpair. The former type of constraintis
calledmarkednessconstraintsin theliterature(seefor instanceKager1999),while the
latterarecoveredundertheterm faithfulnessconstraint. Let usmake this precise.We
usethe term “Output MarkednessConstraint”sincemarkednessconstraintmay also
evaluatesolelythe input. Suchinput constraintshave no effect for unidirectionalOT,
but they becomeimportantin thenext sectionwhenwediscussbidirectionality.

Definition 9 ((Output) Markedness Constraint): Let ����� �{���:����� be an OT-
system.Constraint� � is anoutputmarkednessconstraint if f

� � � �����:�{�����h� � � � � ���:�{������� � � � � � ��� �
��� � � � � � � ��� � �
FrankandSattarestrictattentionto binary outputmarkednessconstraints.Obvi-

ously, thesecanberepresentedaslanguagesovertheoutputalphabet.Thecentralpart
of their constructionis an operationcalledconditional intersection(Karttunen1998
callsit lenientcomposition) thatcombinesa relationwith a language.

Definition 10 (Conditional Intersection): Let � bea relationand ���?���;� ��� . The
conditionalintersection����� of � with � is definedas

�?���#���� �/�
�  ��¢¡:� � £�¤ ¥-¦ §�¨ ©4£�¤ ¥-¦ §+ª;« ¬�¨������
By applyingthedefinitions,it is easyto seethat � ­�� ®������?��� if f ­���® andeither®��h� or thereis no ¯{�h� suchthat ­9��¯ . In otherwords, ° ®¢± � ­�� ®����²�1�&�
³ is the

setof ® s thatarerelatedto ­ by � , andthatareoptimalwith respectto theconstraint� . Furthermore,it follows from the closurepropertiesgiven above that �7�:� is a
rationalrelationprovided � is rationaland � is a regularlanguage.

Unidirectionaloptimalitycannow beimplementedin astraightforwardway, name-
ly by successively conditionallyintersectingthe(binarymarkedness)constraintsof an
OT-systemwith GEN.

Theorem 3 (Frank and Satta): Let ���´� �{���:� ��� with ����� � µ � � � � � � ¶ � be an
OT-systemsuch� solelyconsistsof binaryoutputmarkednessconstraints.Then � � � ���
is unidirectionallyoptimalif f � � � �����2�{������� µ;· · · ��� ¶ .
Theproofof thistheoremis obviousfrom thedefinitions.Crucially, it followsthatuni-
directionaloptimalityis arationalrelationprovidedGEN is rationalandall constraints
areregularlanguages.
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4 Extension to Bidirectionality

In this sectionwe will show that FrankandSatta’s constructioncanbe extendedto
the bidirectionalcase. Again we restrictattentionto binary markednessconstraints.
However, for bidirectionaloptimizationcompetitionbetweendifferentinputsmayoc-
cur. Thusit makessenseto considerconstraintsthat comparedifferent inputswhile
ignoringtheoutput.

Definition 11 (Input Markedness Constraint): Let ¸º¹º» ¼{½�¾�¿ À�Á beanOT-sys-
tem.ConstraintÂ Ã is an inputmarkednessconstraint if f

» Ä ¿ Å�Á�Æ:¼{½�¾�Çh» Ä ¿ Å È Á�Æ:¼{½�¾�É�Â Ã Ê » Ä ¿ Å�Á Ë
¹�Â Ã Ê » Ä ¿ Å È Á Ë Ë
If we want to conditionally intersectGEN with a binary input markednesscon-

straint,weneedamirror imageof FrankandSatta’sconditionalintersection.Thuswe
definebackwardconditionalintersectionas

Ì?Í�Î#Ï¹ Ê Ð Ñ�Ò Ì Ë¢Ó Ê Ì Ò
Ð Ô6Õ Ö Ô9× Ø6Ô4Õ Ö Ù Ú�Û;Ô�× Ë
Furthermore,for reasonsthatwill becomeclearlater, in bidirectionaloptimality it

is not sufficient to considerthebestoutputsfor a giveninput,but we have to look for
thebestinput-outputpairsin a globalway. Thuswe definebidirectionalconditional
intersectionin thefollowing way:

Definition 12 (Bidirectional Conditional Intersection):
Let ¸�¹1» ¼{½�¾�¿ À�Á beanOT-systemand Â Ã beabinarymarkednessconstraint.

Ì/Ü Â Ã Ï¹
ÝÞÞÞÞß ÞÞÞÞà
Ì Ò
Ð Ô6Õ Ö Ö á â ã ä�Ô4Õ Ö Ô�× × å æ ç ×
if Â Ã is anoutputmarkednessconstraint

Ð è�é ê-Ö Ö è�é ê-Ö Ô9× ä4á â ã × ë æ ç ×�Ò Ì
else

Letuslookatthisconstructionin detail.SupposeÂ Ã isanoutputmarkednessconstraint.ì í4îaï Ì�ð Ê Ì Ë is a relationthat relatesthe emptystring to any possibleoutputof
Ì

.
Conditionallyintersectingthis relationwith Â Ã leadsto arelationthatrelatestheempty
string to thosepossibleoutputsof

Ì
that areoptimal with respectto Â Ã . So if Â Ã is

fulfilled by someoutputof
Ì

, this relationis just
ì í4î&ï Ê Ì�ð Ê Ì Ë¢ñ{Â Ã Ë . If no outputofÌ

obeys Â Ã , therelationis just
ì í4î&ï Ì�ð Ê Ì Ë . In eitherway,

Ì�ð Ê Ê ì í4î&ï Ì�ð Ê Ì Ë Ë�ò&Â Ã Ë
is the setof outputsof

Ì
that areoptimal with respectto Â Ã . Since Â Ã only evaluates

outputs,
Ì�Ü Â Ã is thusthe setof » Ä ¿ Å Á+Æ Ì thatareoptimal with respectto Â Ã . The

sameholdsceterisparibus if Â Ã is aninput markednessconstraint.
LikeFrankandSatta’soperation,bidirectionalconditionalintersectiononly makes

useof finite statetechniques.It followsdirectly from theclosurepropertiesof regular
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languagesandrationalrelationsthat ó�ô�õ ö is a rationalrelationprovided ó is rational
and õ ö is a regularlanguage.

Note that a certaininput-outputpair may be evaluatedassub-optimalaccording
to this constructionevenif it neithersharesthe input componentnor theoutputcom-
ponentwith any bettercandidate.Sowhile FrankandSatta’s conditionalintersection
operatespointwisefor eachinput,bidirectionalconditionalintersectionis global.

Lemma 3: Let ÷ùøùú û{ü�ý�þ ÿ�� be an OT-system(with binary markednesscon-
straintsonly), where ÿ�ø�ú õ � þ � � � þ õ � � . Then

ú � þ � ���:û{ü�ý ô�õ �
	 	 	 ô�õ �
if f ú � þ � ���hû{ü�ý , andthereareno � � þ � � with ú � � þ � � ���:û{ü�ý and ú � � þ � � ��
�ú � þ � � .

Proof: We extendthe notionof an OT-systemto the degeneratecasethat � ø�� ,
i.e. therearenoconstraints.In this case,
 is theemptyrelation.Giventhis,weprove
the lemmaby inductionover � , the numberof constraints.For the basecase�²ø�� ,
the proof is immediate. So let us assumethat the lemmais true for all OT-systems
with atmost ����� constraints,andlet ÷ beanOT-systemwith � constraints.Supposeú � þ � ���?û{ü�ý´ô?õ �
	 	 	 ô?õ � . It is immediatefrom the definition that ó ô���� ó ,
thus ú � þ � ���?û{ü�ý . Now supposethereis an ú � � þ � � ���?û{ü�ý with ú � � þ � � ��
#ú � þ � � .
Thentheremustbean ��� � suchthat ú � � þ � � � obeys and ú � þ �!� violates õ " . Clearly,ú � þ � � þ�ú � � þ � � �#��û{ü�ý ô�õ � 	 	 	 ôºõ � $ � . Thus by induction hypothesis,thesetwo
candidateshave the samepatternof constraintviolationswith respectto õ �
	 	 	 õ � $ � .
Hence��ø%� .

Let us assumethat õ � is a outputmarkednessconstraint. Accordingto the defi-
nition of bidirectionalconditionalintersection,either � obeys õ � , or thereis no �!���ó�&(' û{ü�ýºôhõ � 	 	 	 ôhõ �!$ � ) thatobeys õ � . Thus � and � � eitherbothobey or bothvio-
late õ ö . Hence ú � � þ � � ��*
�ú � þ � � , contraassumption.Thesameargumentappliedceteris
paribus if õ � is aninput markednessconstraint. +

For simplicity, wewill usethenotationó�, asshorthandfor ó/ô�õ �
	 	 	 ô�õ � (whereÿ�ø?õ � þ � � � þ õ � ). Intuitively, this operationpicksout theglobally optimalsetof input-
outputpairs from û{ü�ý . Note that ó-, is a rational relation if ó is rationalandall
constraintsin ÿ areregularlanguages.ó-, implicitly partitions ó into threemutually exclusive subrelations.Thereisó-, itself—thesetof input-outputpairsthatdon’t have betteralternativeswhatsoever.
Thesepairsarecertainlyoptimal. Second,thereis the setof input-outputpairs that
shareonecomponentwith someelementof ó-, . Thesepairsareblockedby ó-, (where
blockingis understoodin thesenseof x-optimality).

Finally, thereis the setof pairsthat shareneithercomponentwith an elementofó-, . ó-, providesno informationwhethertheelementsof thethird setareoptimalor
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blocked. So we repeatoptimizationby applying the operation . / 0 1 to the third set.
Thisprocedureis repeateduntil thethird setis empty.

This ideais formalizedby thesubsequentdefinition.

Definition 13: Let 243 5 687-9;: <�= beanOT-system.

>�? 3A@>�B C
D 3 >�B�E . F G(H IKJ LNMPOKQ RSG(H IKJ T(U QWV�687-9�VXF Y[Z J LNMSOKQ R[YSZ J T(U Q 0 1
( \ asuccessorordinal)>�] 3_^B[` ] > B ( a a limit ordinal)

> 3 ^ > B
For every successorordinal \ , > B!CWD addsthoseinput-outputpairsto

> B
thatarenei-

ther elementsof
>�B

nor blocked by an elementof
>�B

, andthat areminimal in this
respect.>

coincideswith thesetof x-optimalinput-outputpairs.

Lemma 4: Let 2�3b5 687-9�: <-= be an OT-system. Then 5 c : d!=8e > if f 5 c : d!= is x-
optimal.

Proof: First somenotation:We write fhg�i if f jPk . fS0�3 jPk . i 0 for c-e�lSm!: nSo , andf-p4i if f f�g�i and f�q%i .
We will make useof theobservation that r�d st. >vuvw#>�x 0tyzr�d st. >�x 0�34@ for

arbitraryordinals{N: | , andlikewise }�~(. >vu(wv>�x 0!y�}�~(. >�x 0X3�@ . If {;�%| , thisfollows
from thefact that {#� |�� >vuh��>�x . Now suppose|�q�{ . If |���m�3�{ , theclaim
follows directly from thedefinitionof

> x CWD
. Thussuppose{�3��-��m for �h��| , and

supposer�d s�. >���w�> x 0Ky;r�d s�. > x 0v34@ . Now observe that r�d s�. >�� CWD w�> x 0v3r�d st. > � C
D
w;> � 0 E r�d s�. > � w;>�x 0 . Furthermorer�d s�. > � CWD(w;> � 0
y�r�d st. > � 0X3@ , and r�d st. >�x 0 � r�d st. > � 0 . Thus r�d st. > � C
D�w%> � 0�ytr�d s�. >�x 083z@ , which
entailsthat r�d s�. > � CWDXw%>�x 0Xy�r�d s�. >�x 0�3�@ . Now suppose{ is a limit ordinal.
Then

> u 3�� � `!u >�� . Thus r�d s�. > u 0�3�� � `!u r�d s�. >�� 0 , and r�d st. > u w�> x 0�3� � `[u r�d s�. >���wt> x 0 . Hencer�d s�. > u wt> x 0Ny > x 3%@ .
We defineanoperation� in thefollowing way:

� B 3�lW5 c : d!=Xet687-9t� cKe�r�d st. > B 0N�8dve;}-~
. > B 0 o wt> B
Next we show that for any 5 c : d =te�687-9 thereis an ordinal \ suchthat 5 c : d =te>�B-E � B . Firstobserve thattheoperation

>
hasanupperlimit, i.e. thereis anordinala suchthat

> 3 >�] . Otherwisewe could definean operationfrom 687-9 onto the
classof ordinals. This is impossiblesince 687-9 is a set. Now it follows from the
definition of

>
that F G(H IKJ LNMPOKQ RSG(H IKJ T
� QNVv687-9�V-F YSZ J LNMPOKQ R[YSZ J T
� Qv3�@ . Thusfor

every 5 c : d =�e�687-9 , either cKe;r�d s�. > ] 0 or dve;}-~
. > ] 0 .
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Next we prove that ���������;��� for arbitrary � . By filling in thedefinitions,it
comesdown to thetrivial proof thatasubsetof �����t��� is empty.

Finally we demonstratethat � � is weaklymonotonicin � . Suppose� � � �!�v�%� � ,
and �# %¡ . Since� ��¢ �v£ , � � � �!���t¤W� � � � ���t¥8¦-§t¨ �X��©�� ª�« ��£[¬N­h����®�¯(« �v£[¬ ° .
Since � � � �!�h�4� � , it sharesa componentwith someelementof � � . From the ob-
servation mentionedin the beginning of the proof it follows that � � � � �;±��� £ ����� .
Furthermore� � � �!��±�h��� by assumption,thus � � � �!��±�h� £ , hence� � � �!���;� £ .

Now reconsiderthe definition for ��� . Due to lemma3, the clausefor successor
ordinalsis equivalentto

� �!²W³ �´� �-µ ¤!¶���¥8¦-§#¨ · ³ « ¶S¬-±�;©�� ª�« � � ¬N¸�·P¹!« ¶S¬�±�;®�¯(« � � ¬¸(º(»- �¶
« · ³ « » ¬��;©�� ªt« � � ¬N­�·W¹!« » ¬��;®-¯
« � � ¬ ¬ °
Accordingto thedefinitionof � � , this canberewrittenas

���!²W³¼�´��� µ ¤!¶���¥8¦-§#¨ ·
³ « ¶S¬-±�;©�� ª�« ���S¬N¸�· ¹ « ¶S¬�±�;®�¯(« ���S¬¸(º(»- �¶
« »-�h� ��µ � � ¬ °
Applying thedefinitionof ��� onceagain,weobtain

��� ²
³½�A��� µ ¤!¶��t¥8¦-§��t�����#���(¨ º
»- %¶W« »-�h��� µ ���[¬ °
By simpleset-theoreticreasoning,this is equivalentto

� � ²
³ �A� ��µ ¤!¶���¥8¦-§��#� � ¨ º
»- %¶W« »-�h� ��µ � � ¬ °
Likewise,wecanrewrite thedefinitionof ��� . First notethat

��¾��%�
simplyby filling in thedefinition.Furthermore,wecansimplify thedefinitionto

� � ��¤!¶���¥8¦-§���� � ¨ ¿S»�À�¶�Á[»-�h� � °
Let Â�Ã�Ä be thesetof x-optimalelementsof GEN. Next we show that ��� ¢ Â�Ã-Ä
and ���v�hÂ�Ã�Ä���� for all ordinals � by inductionover � . For �t��Å this is obvious.
So let usassumethat � is a successorordinalandtheclaim holdsfor �t��Æ . Let us
furthermoreassumethat ¶t��� � ��� �!ÇW³ . This meansthat ¶���¥8¦-§���� �[ÇP³ , andº
»- %¶�ÁS»��h� �!ÇW³ µ � �!ÇW³ . Suppose»KÈ4¶ . Then»- %¶ andtherefore»��h� �!ÇW³ µ � �!ÇW³ .
Suppose»��#���[ÇP³ . By assumption,¶�±�#���[ÇP³ , and ¶hÀ�» . Thus ¶;�����[ÇP³ , but this
is a contradictionto the assumptions.Hence »t�����[ÇP³ . By induction hypothesis,»v±��Â�Ã�Ä . Soweconcludethat ¶���Â�Ã-Ä .

Now suppose¶8�t� � ��� �!ÇW³ . Thenthereis a »-À ¶ with »���� � and »�±��� �[ÇP³ .
Thusfor all É� %» it holdsthat É-�h� �!ÇW³(µ � �!ÇW³ . Therefore¶;± �» .

It follows directly from thedefinitionof   in termsof OT-systemsthat   is total
in thesensethat Ê8 �Ë , Ë8 %Ê or Ê8Ì%Ë for all Ê
� Ë , whereÊ8Ì%Ë if f for all Í : Í� %Ê if f
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Î�Ï�Ð and Ñ Ï�Î if f ÐhÏ�Î . Soif Ò�ÓÏ�Ô , either Ò�Õ Ô or Ô�Ï Ò . SupposeÒ�Õ Ô . SinceÔvÖt×�Ø�Ù#×�Ø[ÚPÛ , it holdsthat for all Ü Ï�ÔvÝ Ü Öt×�Ø!ÚWÛ�Þhß�Ø!ÚWÛ . Now supposeà Ï Ò .
Since ÒhÕ Ô , à Ï�Ô . Thus à Öt× Ø!ÚWÛ Þ;ß Ø!ÚWÛ . ThereforeÒ Ö#× Ø . This is impossible
thoughsince × Ø and ß Ø aredisjoint. Thus Ô�Ï Ò . As wasarguedabove, if Ô�Ö#× Ø ,Ô�Ö�á�â�ã . HenceÒ;ÓÖ�á�â-ã .

Now let usassumethat ä is a limit ordinal. If Ò Öt×�Ø , Ò Öt×�å for someæ Ï ä .
Hence Ò Özá�â-ã by induction hypothesis. So supposethat Ò Ö�ß�Ø . Then Ò Öç8è-é Ù#×�Ø , andthereis a Ôvê Ò with Ô�Öt×�Ø . Thenalso Ô�Ö#×vå for someæ Ï ä .
Since × åhë × Ø , Ò Ö ç8è-é Ùt× å . Thus Ò Ötß å , andthenceÒ�ÓÖ#á�â�ã by induction
hypothesis. ì
So the operation× Ø providesa cumulative definition of the notion of x-optimality.
Most importantlyfor thepresentpurposes,thestepfrom × Ø to × Ø í
Û makesuseonly
of finite statetechniques.In otherwords,if ×�Ø and

ç8è-é
arerationalrelations,andall

constraintsin î arebinarymarkednessconstraintsthatcanberepresentedby regular
languages,×�Ø!íWÛ is also a rational relation. This follows directly from the closure
propertiesof rationalrelationsandregularlanguages.×�ï�ð�ñ by definition,andsinceñ8ð ñ8ò�ñ and ñ is a finite language,it is a regular languageanhencealsoa rational
relation. So it follows by completeinduction that ×�ó is a rational relation for any
finite ô provided

ç8è-é
is rationalandall constraintsinvolvedareregular languages.

So to show that × is alsorationalundertheseconditions,it sufficesto demonstrate
that ×zð%× ó for somefinite ô .
Lemma 5: Let õ ðzö ç8è-é�÷ î-ø bean OT-systemwith î ð Ü Û ÷ ù ù ù ÷ Ü ú , whereall Ü û
arebinarymarkednessconstraints.Then ×½ð�×�ü ý .

Proof: Wedefinethedegreeof someÒ Ö ç8è-é as

à
þ Ò[ÿ ð���� à
þ Ô ÿ � Ô-Ï Ò����
	
Again it follows from therecursiontheoremthat this is a valid definition. Intuitively,
the ranked constraintsof an OT-systempartition GEN into linearly ranked equiva-
lenceclasses(wheretwo candidatesareequivalentif they have the samepatternsof
constraintviolations),and à
þ Ò[ÿ measuresthe rank of the equivalenceclassof Ò . Put
moreformally, Ò�Õ Ô directlyentailsà
þ Ò[ÿ ð àWþ Ô ÿ , andif Ò and Ô havethesamepattern
of constraintviolations, Ò%Õ Ô . Thus in this case àWþ ÒSÿ ð à
þ Ô ÿ . If î consistsof �
constraints,therearefinitely many, namelyat most � ú possiblepatternsof constraint
violations.Thus à
þ Ò[ÿ�

� ú for arbitrary Ò .

Next we prove that for any ordinal ä , à
þ Ò[ÿ���ä if Ò Ö�×�Ø í
ÛNÞ;ß�Ø í
Û�Ù#×�Ø�Þ;ß�Ø .
Theproofmethodis transfiniteinductionovertheordinals.Theclaimobviouslyholds
for ä ð
� . Sosupposeä�� � , andtheclaimholdsof all æ Ï ä , and Ò Öh× Ø!íWÛ Þ�ß Ø í
Û
and Ò;ÓÖ;× Ø Þhß Ø . Thenthereis no Ô�ê Ò with Ô-Ö;× Ø . SupposeÒ Ö;× Ø!íWÛ . Thenfor
all Ô�Ï Ò it holdsthat Ô-Öh×�Ø-Þ�ß�Ø . Now either ä ð
� , or ä is asuccessorordinaland
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thereis a ����� with �������������� "! ���$#&%'�(���$#&% ) , sinceotherwiseit would hold
that �*�(�,+-����+ for some. with .*/
0,�
1 . If 1�2
3 , trivially 45! � )�671 . If thereis
a �,�
� with �-�8� � ��� �  
! � �$#&% ��� �9#�% ) , 45! � )�6
1( 
0 by inductionhypothesis.
Furthermore45! �9)�674&! � ) since ��67� , so 4&! �:);671 .

Now suppose�������$<&% . Thenthereis a �-=>� with �,����� . Fromthepreceding
paragraphwe know that in this case,4&! � )�6"1 . Furthermore,� is minimal in � � <5% �� � <5% with respectto � . Thus ���7� , andtherefore45! �9)�674&! � )�6?1 .

Let 1 be the maximalordinal suchthat thereis an ���"@BA�C with ���7���$<&%;�
� � <5%  �! � � ��� � ) . Since @BA�C is aset,suchanordinalmustexist. Then ��27� �$<&% ,
andthereare �?�>@BA�C with 45! �9)*6D1 dueto the observation madeabove. Since4&! �:);E
F G , 1B/
0-E7F G . H

This leadsusdirectly to themainresultof this section.

Theorem 4: Let IJ2LK @BA�C8M N�O beanOT-systemwith N>2JK P % M�Q Q Q M P G O , whereallP R arebinarymarkednessconstraints.Furthermore,let @BA�C bearationalrelationand
let all P R beregularlanguages.Thenthesetof x-optimalelementsof GEN is a rational
relation.

Proof: Immediatelyfrom the lemmas4, 5, andthe closureconditionsof regular
languagesandrationalrelations.

H

Note that the proof is constructive. So if the componentsof an OT-systemwith the
describedpropertiesaregivenasfinite stateautomata,theproofprovidesanalgorithm
for constructinga finite statetransducerthat implementsbidirectionalOT of this OT-
system.

5 Conc lusion and open ends

In this paper, we investigatedsomemeta-theoreticpropertiesof themodelof bidirec-
tionalOptimalityTheorythatwasdevelopedin Blutner2000.Weobtainedthreemain
results:

1. We developeda conceptuallysimpler definition of bidirectionality (definition
3 on page8) and proved its equivalencewith Blutner’s definition undervery
generalconditions.

2. For a substantialclassof OT-systems(thosewhereonly non-countingmarked-
nessconstraintsareinvolved),we gave a cumulative definitionof bidirectional
optimality thatis moreconstructive thanthepreviousdefinitions.
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Relations Languages

SUT VXW Y:Z[U\];^ _;^ ` _;^ ];^ [a W bc [
Fig. 4: Closureconditionsneededfor x-optimality

3. Inspiredby FrankandSatta1998,weshowedthatfor thementionedclassof OT-
systems,therelationof bidirectionaloptimalitybetweeninputandoutputcanbe
modeledby a finite statetransducerprovided thegeneratorandtheconstraints
canbemodeledby suchmeans.

While modelingof optimizationwith finite statetechniquesis of practicalimpor-
tancein computationalphonology, thereareno obviousapplicationsof suchmethods
in syntax,semanticsandpragmatics.SincebidirectionalOT is usedmainly in thesear-
easof linguistics,theinvestigationsthatweredescribedin thelastchapterareof avery
theoreticalinterestonly. Thetechniquesthatweredevelopedtherecanbeextrapolated
to moreinterestingclassesof languagesandrelationsthough.

In theproof of theorem4, we ignoredthespecificpropertiesof regular languages
andrationalrelationsbut weonly usedtheir closureproperties.As animmediatecon-
sequence,bidirectionaloptimizationstayswithin reachof any classof languages/rela-
tions that has this property—provided the OT-systemin questiononly has binary
markednessconstraints. Note thoughthat the restrictionto markednessconstraints
is only neededin the definition of d�egf , so if we canredefinethis operationin a
way thatmakesno recurseto this property, we maygeneralizetheclosureconditions
somewhat. Thereis a straightforwardway to do soprovidedtheclassof relationsin
questionis alsoclosedunderintersection.Giventhis,we maydefinethebidirectional
conditionalintersectionof two relationsin thefollowing way:

d
e(hjik�l d _ hXm ] l d `;n Y:Z o Y&p q:Y9Z o SUT VXo Y&r s$p a Y9Z o Y�p p m
Both binary markednessconstraintsandbinary faithfulnessconstraintscanbe repre-
sentedasrelations. Thus if both the generatorandall constraintsareelementsof a
given classof relationswith the appropriateclosureproperties,x-optimality in this
systemis within thisclasstoo. Theseclosureconditionsaresummarizedin figure4.

So future researchshouldidentify interestingandlinguistically usefulclassesof
relations/languagesthat obey theseclosureconditions. It is not very surprisingthat
bidirectionalOT is semi-decidable,sincetheclassof recursively enumerablesetshas
thementionedclosureproperties.However, moreinterestingclasseslike therecursive
setsor thecontext freelanguagesfail to obey thenecessaryclosureconditions.
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Lastbut not least,our constructive redefinitionof bidirectionaloptimality restson
the assumptionsthat all constraintsare binary. To work with countingconstraints,
we will needa moreelaboratedefinition of tDu�v . As an additionalcomplication,
thereis no guaranteeanymorethat wyx"w�z for somefinite { in thegeneralcase.So
it remainsto be seenwhata constructive reformulationof bidirectionaloptimization
with countingconstraintslookslike.
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